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We determine and analyze the properties of regenerated surface plasmon polaritons �R-SPPs� in an asym-
metric waveguide structure �T.-W. Lee and S. K. Gray, Appl. Phys. Lett. 86, 141105 �2005��. Both finite-
difference time-domain �FDTD� calculations and frequency-domain modal analysis are employed. The FDTD
results, which explicitly include excitation via attenuated total reflection, show an oscillatory dependence of the
R-SPP propagation length Lx as a function of core layer thickness d, with maxima corresponding to 30-fold
propagation enhancements. For fixed incident light wavelength and angle, a variety of thicknesses can there-
fore be used to excite very long propagating SPPs. Modal analysis shows that the oscillations are due to tuning
d through the opening of new transverse magnetic waveguide modes. In addition to increased propagation
lengths, surface confinement is not significantly deteriorated and large intensity enhancements in the propaga-
tion region can also be achieved.
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I. INTRODUCTION

Surface plasmon polaritons �SPPs� are propagating elec-
tromagnetic surface waves that are evanescently confined to
a metallic surface.1 When efficiently excited, SPPs can also
be intense relative to the incident light. These properties
make them attractive for use in a range of applications. For
example, they form the basis for some chemical and biologi-
cal sensing devices,2–4 and a variety of other possibilities in
spectroscopy, telecommunication, imaging, and device phys-
ics are actively being explored.5–7 For many of these appli-
cations, the SPP propagation length Lx on the surface should
be as long as possible.

One approach to lengthening Lx is to couple the SPP into
a waveguide structure. Several waveguide structures have
been proposed in the literature, e.g., Refs. 8–11. Sarid’s pio-
neering work in 1981 introduced the idea of a long range
surface plasmon polariton �LR-SPP� mode that propagates
on a thin metal film sandwiched between two dielectric lay-
ers with similar refractive indices.8 Propagation lengths of
more than an order of magnitude longer compared to isolated
SPP values were predicted. In general, optimum results occur
when the refractive indices of the lower and upper dielectric
media are equal or close in value to reduce radiation loss,
and the metal film is as thin as can be reasonably achieved to
reduce absorption loss. Early experimental validation of
the LR-SPP idea used a frustrated total internal reflection
coupler to excite the mode.12 Other experimental
demonstrations13,14 have used end-fire excitation.15

As noted above, LR-SPPs are generally discussed in the
context of symmetric or almost symmetric dielectric layer
claddings of the metal film. In this limit and for thin metal
films, the system has two transverse magnetic �TM� modes
that involve plasmons: a symmetric mode and an antisym-
metric mode. Here, the symmetry is defined with respect to
the transverse magnetic field component inside the metal
film, i.e., the symmetric mode has no node and the antisym-
metric mode has one node in this component. �In this case,

the transverse electric field is proportional to the transverse
magnetic field and so has the same symmetry.15� The
LR-SPP, with this convention, is the even mode.

It is also possible to enhance SPP propagation lengths
using more asymmetric waveguide structures.9,10 For ex-
ample, consider the structure in the top panel of Fig. 1,
which was suggested by Lee and Gray in Ref. 9. The struc-

FIG. 1. The two structures considered. Structure 1 is the R-SPP
structure of Ref. 9 and structure 2 is a four-layer slab waveguide.
Layers 1, 2, and 3 are dielectric materials with dielectric constants
�1, �2, and �3. The thickness of dielectric layer 2 underneath the
metal, d, is a key variable. Between layers 2 and 3, there is a thin
metal film of thickness tm and frequency-dependent, complex di-
electric constant �m.
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ture includes a natural excitation region �left-hand side�
where an efficient Kretschmann–Raether attenuated total re-
flection �ATR� approach1 can be used if the dielectric layers
satisfy �2��1 �and of course, for the incident wavelength
considered, Re��m��0�. The essence of the idea is that ATR
excitation creates SPPs at the layer 1/metal interface, which
enter into the propagation region �right-hand side of Fig. 1�
where now there is an additional dielectric layer 3 with �3
��2. Layer 2, just under the metal, will also be referred to as
the core layer. If the core layer thickness d was infinite, one
would have the standard picture of SPP excitation and propa-
gation on a metal film sandwiched between higher index
material 2 �e.g., a glass prism� and lower index material 1
�e.g., air�. In such a situation, the SPP is allowed to radiate
into the higher index material leading to loss. However, for
finite d, total internal reflection occurs at the 2 /3 interface,
and this sends back what would be SPP radiation loss up to
the metal surface at just the right angle to regenerate SPPs.
This was termed a regenerated surface plasmon polariton �R-
SPP� structure.9 For silver films on glass ��2=2.25� with air
for layers 1 and 3, it was found that small core �glass� and
metal film thicknesses �e.g., d= tm=30 nm� yielded the most
dramatic enhancements.

The purpose of this paper is to show that very similar
increases in propagation lengths and intensity enhancements
can be obtained with a variety of much larger values of glass
core thickness d, which may make the approach more ame-
nable to experimental verification and device applications.
We also show how this can be explained physically in terms
of efficient coupling into certain waveguide modes. Our
work involves both full finite-difference time-domain
�FDTD� calculations,9,16 which include a realistic model of
the ATR excitation process, and extensive frequency-
resolved modal calculations based on Yeh’s matrix
approach.17

Section II is a brief description of the theoretical methods
employed, Sec. III contains our results and analysis, and Sec.
IV concludes. The Appendix gives additional details of the
modal calculations.

II. THEORETICAL METHODS AND COMPUTATIONAL
DETAILS

We consider the layered waveguide structures given in
Fig. 1. Structure 1 is the original R-SPP configuration of Ref.
9, and structure 2 is a simpler slab waveguide system. Both
structures are invariant along z, and the focus is on SPP
generation and propagation at layer 1 and/or metal interface.
The calculations we present correspond to dielectric con-
stants �1=�3=1.0 �air�, �2=2.25 �glass�, �m=�Ag���
=�Ag� ���+ i�Ag� ��� �silver at a given optical frequency ��,
and tm=30 nm, although other materials and metal thick-
nesses are certainly possible.

A. Finite-difference time-domain calculations

We carry out FDTD calculations for the R-SPP system,
structure 1 of Fig. 1, which indicate not only how SPP propa-
gation properties are altered by the underlying dielectric lay-

ers but also how light is coupled into the structure. For
p-polarized incident light, the symmetry is such that the rel-
evant first-order time-domain Maxwell’s equations involve
three coupled field components, Ex�x ,y , t�, Ey�x ,y , t�, and
Hz�x ,y , t�.18

The FDTD calculations are similar to those described in
Ref. 9. A total-field and/or scattered-field approach16 is used
to introduce an incident beam that has a sinusoidal time de-
pendence with angular frequency �0, corresponding to wave-
length �0=2�c /�0=532 nm. The beam is incident on the
metal film from the glass side at an angle �, as indicated in
structure 1 of Fig. 1, and has a 4 	m Gaussian spatial profile
transverse to its propagation direction. We take �=�SPP
=44.6°, where �SPP is an estimate of the angle for light to
efficiently couple into SPPs on the Ag and/or air interface via
momentum matching. From Ref. 1,

�SPP = sin−1���Ag� �1/�2��Ag� + �1��1/2� . �1�

Auxiliary differential equations16,18 are introduced into
the FDTD scheme to be consistent with a Drude model for
�Ag���,

�Ag��� = �
 −
�D

2

�2 + i�D�
, �2�

where �
=4.1683, �D=1.3402�1014 Hz, and �D=2.1264
�1014 Hz. At �=�0 corresponding to �0=532 nm,
�Ag=−10.1+ i0.84, compared to the experimental value
�Ag

expt.=−10.55+ i0.84.19

A staggered FDTD x-y grid is used, with x ranging from
0 to 30 	m and y ranging from 0 to 6 	m, with a
0.005 	m=5 nm grid spacing in each dimension. The silver
layer is placed at y=4 	m. Each simulation runs for 160 fs
with a time step of 0.011 fs. A uniaxial perfectly matched
layer is implemented to absorb field components near the
grid boundaries.16 Each FDTD simulation requires approxi-
mately 137 min on a 2.16 GHz Intel Core 2 Duo MacBook
Pro laptop computer.

The propagation time of 160 fs, with the continuous wave
incident light beam, is sufficiently long to generate a “steady
state” corresponding to the incident frequency �0. In FDTD
calculations, this means that the �real� electric field vector,
E�x ,y , t�, varies in a time-repetitive manner according to
E�x ,y , t�=Re�Ec�x ,y�exp�–i�0t��, where Ec�x ,y�= x̂Ex

c�x ,y�
+ ŷEy

c�x ,y� is the frequency-domain, complex phasor solution
to Maxwell’s equations consistent with the incident wave. If
one has SPP propagation near the layer 1/metal interface,
both the transverse �Ey

c� and longitudinal �Ex
c� phasor compo-

nents will, for a fixed y just above the metal surface, vary in
x according to exp�ikxx�, where the propagation constant, kx

is complex, kx=+ i�. The imaginary component � corre-
sponds to an absorption of energy by the metal and gives rise
to an exponential decrease in the electric field intensity for
increasing x,

�E�2 � cos2�x − �0t + �� exp�− x/Lx� , �3�

where Lx=1 /2� and � is a phase factor. For a fixed vertical
distance above the metal film, we determine Lx by examining
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FIG. 2. �Color online� FDTD results for the time-averaged electric field intensities for structure 1 in Fig. 1 for �a� d=
 �conventional
ATR�, �b� d=0 nm, �c� d=15 nm, �d� d=210 nm, �e� d=263 nm, �f� d=440 nm, and �g� d=518 nm. Only the region between
y=3.3 and 4.7 	m is shown. In each case, the incident field intensity is given by �Einc

2 	t=0.5 V2 /m2, and the maximum field intensity occurs
in the excitation region near x=7 	m, for which �E2	t=10 V2 /m2. However, intensities �3 V2 /m2 are represented by yellow, as indicated
in �a�.
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the x variation of the time-averaged FDTD intensity ��E�2	t,
given by

��E�2	t =
1

T



�

�+T

�E�2dt , �4�

where � is sometime in the steady-state limit and T=2� /�0.
If Eq. �3� holds, then Eq. �4� should decay exponentially in x.
We therefore determine Lx by fitting the FDTD time-
averaged intensity to C exp�−x /Lx�. We use a fixed y corre-
sponding to 17 nm above the metal and/or air interface and
carry out the fits in the propagation region �x�10 	m�.
Whereas Ref. 9 focused on relatively small values of glass
thickness d below the silver layer, we determine Lx from
separate FDTD calculations covering a wide range of d val-
ues from d=25 to 625 nm.

B. Modal calculations

The propagation constant kx discussed above in relation to
SPP generation in the R-SPP system �structure 1� should cor-
relate, under appropriate circumstances, with propagation
constants of certain of the allowed TM modes of the four-
layer slab �structure 2 of Fig. 1�. The modes, for a given
optical frequency �, are defined as solutions of Maxwell’s
equations satisfying the appropriate continuity boundary
conditions at each interface and having purely outgoing char-
acter in outer layers 1 and 3 of Fig. 1.15,17,20 We use Yeh’s
matrix method17 to calculate the propagation constants kx
=+ i� associated with the allowed TM modes of structure
2. There can be a number of possible kx solutions for a given
frequency �, and we calculate and discuss the dispersion
curves ���. We also determine field profiles associated with
the modes.

Since the modal dispersion calculations for Fig. 4 involve
a range of frequencies or wavelengths, the metal dielectric
constant is taken to be a Drude plus two Lorentzian �D
+2L� model, as used in Ref. 21, fit over a larger range of
frequencies. The results are essentially the same as the Drude
model of Sec. II A for �0=532 nm ��Ag

D+2L=10.2+ i0.62 com-
pared to the Drude value, �Ag=−10.1+ i0.84, given above�
but are more realistic away from 532 nm. Appendix outlines
additional technical details of how we determine the modal
solutions.

III. RESULTS AND DISCUSSION

In Fig. 2, we show the time averaged FDTD electric field
intensities ��E�2	t for several glass core thicknesses. In Fig.
2�a�, d=
 �no bottom air layer�, corresponding to standard
Kretschmann–Raether SPP excitation.1 In Fig. 2�b�, d=0 so
that the propagation region �x�10 	m� corresponds to a
symmetric LR-SPP structure. The structures in Figs.
2�c�–2�g� have finite values of d and are consistent with the
R-SPP picture of increased propagation lengths relative to
the standard case. As noted in the Introduction, the simplest
explanation of the effect is that radiation emitted by the SPP
back down into the glass layer, which would normally be
lost, is reflected back up to the propagation region owing to

it encountering the lower glass and/or air interface. This re-
flected light hits the propagation region at the appropriate
angle for regenerating more SPPs.9 The structures in Figs.
2�d�–2�g� involve core thicknesses considerably larger than
those considered in Ref. 9.

In Fig. 3, we plot of the R-SPP propagation length Lx
determined from our FDTD results as discussed in Sec. II A,
for each value of d considered. An interesting oscillatory
dependence in Lx�d� is seen, with maxima of �52 	m and
minima of �5 	m. For comparison, the propagation length
with the standard Kretschmann–Raether setup is just Lx�d
=
�=1.7 	m. Thus, depending on the core thickness, propa-
gation length enhancements up to 30 are possible.

It is natural suspect that the oscillations in Fig. 3 are due
to excitation of system waveguide modes. Modal calcula-
tions for the allowed TM modes as a function of angular
frequency for fixed values of glass thickness d were therefore
performed �see Sec. II and Appendix for details�. We show in
Fig. 4 the resulting dispersion relations, ��� �symbols� for
�a� d=0 nm, �b� d=210 nm, �c� d=263 nm, �d� d=440 nm,
and �e� d=518 nm. Solid lines corresponding to the relevant
air and glass light lines are indicated, and a horizontal solid
line corresponding to �0=3.542�1015 Hz, or �0=532 nm, is
also shown. It is apparent that as d is increased, more modes
become available. Most of these modes lie between the air
�upper� and glass �lower� light lines and thus correspond to
evanescent modes at the air and/or metal interface. The dis-
persion of one mode, however, can lie below both light lines.
As d increases, this mode correlates even more with an eva-
nescent mode on the metal and/or glass interface �i.e., the
glass-side SPP� and is not relevant to our discussion of
propagation lengths on the air side. The relevant TM modes
between the air and glass lines are labeled TM0, TM1, TM2,
etc., and for fixed �, �TM0���TM1���TM2�, etc.

For d=0 �Fig. 4�a��, i.e., the air-metal-air case, two limits
are considered. In the thick metal slab limit, represented here
by tm=500 nm �symbols connected by lines�, there are two
degenerate TM modes. In the thin metal slab limit, repre-

FIG. 3. �Color online� Plot of propagation length Lx�d� as a
function of the glass core thickness d, where Lx is determined from
the FDTD results just above the metal film in the propagation re-
gion, as discussed in Sec. II A.
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sented by tm=30 nm �symbols�, the two degenerate modes
begin to interfere and split, giving rise to symmetric, LR-SPP
mode �smaller � and a short lived, asymmetric mode �larger
�.15 For d=210 nm �Fig. 4�b��, only the TM0 mode exists
between the air and glass light lines along the horizontal line
corresponding to �0=532 nm. However, by d=518 nm �Fig.

4�e��, there are now three possible modes, TM0, TM1, and
TM2, between the light lines along the �0=532 nm horizon-
tal line. In this case, the TM0 mode �largest � is closest to
the glass light line and TM2 is closest to the air light line.

In Fig. 5, we compare the FDTD results �solid line�
and the modal calculation results �symbols�. That is, for

FIG. 4. �Color online� Dispersion curves for the waveguide structure given in Fig. 1�b�, with �a� d=0 nm, �b� d=210 nm,
�c� d=263 nm, �d� d=440 nm, and �e� d=518 nm calculated using Yeh’s matrix method. The relevant air and glass light lines, as well as a
horizontal line corresponding to �0=3.543�1015 Hz, or �0=532 nm, are also shown.
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�0=532 nm and for various values of d, we calculated
kx=+ i� and the ray angle � within the glass layer. It is
particularly striking that certain modal propagation lengths
correlate extremely well with the FDTD propagation lengths
�Fig. 5�a��. As d increases, Lx for existing modes tends to
decrease until the moment a new mode comes into existence.
At this point, Lx becomes extremely large and then parallels
the FDTD result. A consideration of Fig. 5�b� helps to
explain this interesting correlation. Recall that the R-SPP
incident excitation angle is fixed at �SPP=44.6°. The modal
propagation angles, i.e., the angles � such that x com-
ponent of the wave vector inside the glass layer is
=nglass��0 /c�sin���, are generally ��42°, just slightly be-
low �SPP, when a given TM mode becomes first allowed but
then increases with d. Optimal coupling into the given mode,
with the incident light fixed at �SPP, thus occurs for d values
slightly larger than threshold where ���SPP, and in Fig. 5,
we see that this correlates very well with the observed

maxima in Lx�d� inferred from the FDTD calculations. Thus,
with 532 nm light incident on the metal film from the glass
at 44.6°, as ever thicker glass layers d, under the metal
propagation region are considered, we have a picture of first
the TM0 mode �small d�, then the TM1 mode �d�263 nm�,
and then the TM2 mode �d�518 nm� being efficiently
coupled into by the light and leading to long range propaga-
tion.

We show the FDTD ��Hz�y��2	t profiles of the TM1 mode
for d=263 nm in Fig. 6�a�, and the TM2 mode for
d=518 nm in Fig. 6�b�, where ��Hz�y��2	t denotes the time
average over one period as in Eq. �4�. The inset in each case
corresponds to the absolute square magnitude of the analo-
gous modal result �see Appendix�. As expected, the FDTD
results are indeed consistent with excitation and propagation
of an SPP tied into the TM1 mode �Fig. 6�a��, which is char-
acterized by one node in the glass region, and into the TM2
mode �Fig. 6�b�� with two nodes in the glass region.

It is worthwhile noting that the field intensity profiles in
Fig. 2 exhibit beating, indicative of multimodal excitation.
This means that the excitation scheme involving the junction

FIG. 5. �Color online� �a� Comparison of R-SPP propagation
distances Lx�d�, with varying glass core thicknesses, inferred from
the FDTD simulations �solid blue line� and waveguide modal analy-
sis �symbols�. �b� The ray angle � �symbols� within the glass layer
for a fixed wavelength �0=532 nm calculated with the modal analy-
sis. The FDTD Lx�d� curve �solid blue curve, not to scale� is also
indicated for reference. The horizontal line corresponds to FDTD
angle of incidence.

FIG. 6. �Color online� Profiles of the time-averaged Hz
2 inferred

from our FDTD calculations �blue� and the modal profile inferred
with the matrix method �inset red curve�. �a� d=263 nm and
�b� d=518 nm. Horizontal lines represent interfaces between layers.
In each case, the maximum magnetic field intensity is set to 1 T2.
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at x�9 	m �see Fig. 1� excites more than one waveguide
mode. Indeed, the dispersion curves of Fig. 4 show the exis-
tence of several possible modes for the incident wavelength
we are considering. These modes �see Appendix� have dif-
ferent ray angles �2 in the glass layer of a system composed
of layers 1 /2 /3 /4=air /glass /metal /air. We can associate the
R-SPP mode with the mode for which �2 is closest to �SPP,
which is then consistent with the simple R-SPP mechanism
introduced in Ref. 9. The incident light is also chosen to be at
this angle to primarily couple into this mode. The effective
propagation lengths in Fig. 3, however, can be somewhat less
than the ideal R-SPP mode propagation lengths due to the
excitation creating varying degrees of other modes with
smaller propagation lengths.

While it is clear from Figs. 3–6 that increased propagation
distances are possible in the asymmetric R-SPP waveguide
structure to the credit of waveguide modes, additional char-
acteristics are also important and need consideration. For ex-
ample, it has been pointed out that LR-SPPs can be less

confined to the metal surface than pure SPPs.4 However, it is
desirable from the point of view of some applications to
maintain confinement. To assess the degree of confinement to
the metal surface, we consider fixed values of x in the range
of 10 to 15 	m and fit the y dependence of the FDTD time-
averaged intensities, ��E�2	t, to C� exp�−y /Ly� for y values
ranging from the metal and/or air interface to 600 nm above
it in the air. The resulting air penetration depths Ly as a
function of d are shown as symbols in Fig. 7�a�. The corre-
sponding propagation lengths along x and Lx are also shown
as a solid curve �not to scale�. It is evident that Ly for R-SPPs
maintains confinement and fluctuates within �20% the con-
ventional SPP value, which is designated by the horizontal
line.

Another important consideration is the degree of field in-
tensity enhancement at the air and/or metal interface, since
one might expect that exciting waveguide modes could un-
favorably localize energy density within the core. In Fig.
7�b�, we address this concern and show the field intensity
enhancements, ��E�2	t / ��E0�2	t, for y=17 nm above the metal
surface for the conventional SPP case, d=
, and two R-SPP
cases, d=15 nm and d=263 nm. �Similar enhancements are
observed for d=518 nm but are not included as to avoid a
proliferation of symbols.� The initial intensity enhancement
in the excitation region is the same for the all cases and,
moreover, the R-SPP intensity enhancements further down
the propagation region can be orders of magnitude more in-
tense than the conventional case. Note that the initial en-
hancement, �16–18 in this case, could likely be increased if
the metal thickness and angle of incidence were optimized.1

IV. CONCLUDING REMARKS

We presented a detailed study and analysis of SPP propa-
gation enhancement in the R-SPP structure suggested by Lee
and Gray.9 We found that SPP propagation lengths Lx can
enhance 30-fold at a variety of glass core thicknesses d.
These propagation enhancements occur without significant
loss of surface confinement and can involve significant in-
tensity enhancements in the propagation region. We were
able to understand these results in terms of a mechanism
involving coupling into certain waveguide modes of the sys-
tem.

More specifically, our study involved a fixed incident
angle and wavelength, and we showed how an interesting
oscillatory behavior in Lx as a function of d could be
achieved. The maxima corresponded to efficient coupling
into specific TM modes just as they become open. Con-
versely, one should also be able to excite such modes with
their very long propagating SPPs for a fixed core thickness d
by varying, for example, the incident angle. The wavelength
�532 nm� and metal film �silver� examined were such that the
conventional SPP propagation distances were on the order of
2 	m and the optimal R-SPP propagations were on the order
of 50 	m. Longer incident wavelengths, e.g., telecommuni-
cation wavelengths of �1 	m, can have considerably longer
conventional SPP propagation lengths, and the R-SPP ap-
proach can still be applied in such cases. In fact, our modal
calculations suggest that enhanced propagation lengths can

FIG. 7. �Color online� Surface confinement and intensity en-
hancement. �a� Air penetration depths Ly inferred from the FDTD
calculations as a function of glass core thickness d. For reference,
the lateral propagation distance Lx�d� is also shown, not to scale.
�b� Electric field intensity enhancements at a distance of 17 nm
above the metal surface as a function of lateral displacement, x, for
d=
, d=15 nm, and d=263 nm.
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indeed be obtained over a wide range of wavelengths. For
example, for fixed thickness d=263 nm, incident wave-
lengths in the range of 700–1500 nm lead to propagation
enhancements ranging from 5 to 50.

Our results significantly extend the original R-SPP idea
and also should provide greater flexibility for the eventual
fabrication of devices that utilize it. For example, the types
of SPP and/or dielectric modes we have identified in the
R-SPP system might also be usefully coupled into hole array
systems as in Ref. 3.
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APPENDIX: MODAL ANALYSIS

We outline our implementation of Yeh’s matrix method17

to obtain dispersion curves and modal profiles of multilayer

slab waveguide problems, focusing on the TM case of inter-
est to this paper. In what follows, we use our coordinate
system �Fig. 1�, assume the convention that a forward mov-
ing plane wave in the x direction is of the form exp�+i�kxx
−�t��, and take the refractive index in a nonmagnetic
absorbing medium to be of the form n=nR+ inI, with nR and
nI�0.

We assume N uniform layers in y, with x and z invariance,
and an index profile given by

n = �
n1, y � y1

n2, y1 � y � y2

]

nN, y � yN−1,
 �A1�

where the thickness of layer l is given by dl=yl−yl−1.
See, for example, structure 2 of Fig. 1. The plane of inci-
dence is taken to be the x-y plane and the TM electromag-
netic �F=Ex ,Ey, or Hz� field components are assumed to be
of the form

F�x,y,t� = Fm�y�exp�i�kxx − �t�� . �A2�

While not explicitly stated in Ref. 17 the TM modal profiles
in Eq. �A2� are

Ex,m�y� =�
�E1

+ exp�iky1y� + E1
− exp�− iky1y��cos��1� , y � y1 � 0

�E2
+ exp�iky2�y − y1�� + E2

− exp�− iky2�y − y1���cos��2� , y1 � y � y2

]

�EN
+ exp�ikyN�y − yN−1�� + EN

− exp�− ikyN�y − yN−1���cos��N� , y � yN−1,
 �A3�

Ey,m�y� =�
�E1

+ exp�iky1y� − E1
− exp�− iky1y��sin��1� , y � y1 � 0

�E2
+ exp�iky2�y − y1�� − E2

− exp�− iky2�y − y1���sin��2� , y1 � y � y2

]

�EN
+ exp�ikyN�y − yN−1�� − EN

− exp�− ikyN�y − yN−1���sin��N� , y � yN−1,
 �A4�

Hz,m�y� =� �0

	0 �
n1�E1

+ exp�iky1y� − E1
− exp�− iky1y�� , y � y1 � 0

n2�E2
+ exp�iky2�y − y1�� − E2

− exp�− iky2�y − y1��� , y1 � y � y2

]

nN�EN
+ exp�ikyN�y − yN−1�� − EN

− exp�− ikyN�y − yN−1��� , y � yN−1,
 �A5�

where kyl is the y component of the wave vector in layer l,

kyl = ��nl
�

c
�2

− kx
2�1/2

= nl
�

c
cos��l� , �A6�

with kx=+ i�. The square root in Eq. �A6� is chosen to give
positive imaginary components for kyl. This condition is im-
portant for having evanescent decay in the outer layers for
confined modes. The last equality in Eq. �A6� serves to for-
mally define the angle �l, relative to the y axis, which is in

general, complex valued. Equations �A3�–�A5� are formally
consistent with Snell’s law and are also properly interrelated
by the vectorial Maxwell equations �−i�n2�0E=��H and
i�	0H=��E�.

The requirement that the tangental components �Ex and
Hz� be continuous at the interfaces leads to the following
equations to determine the �El

�� �Ref. 17�:

�E1
+

E1
− � = D1

−1D2�E2
+

E2
− � , �A7�
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�El
+

El
− � = PlDl

−1Dl+1�El+1
+

El+1
− � for l = 2,3, . . . ,N − 1,

�A8�

with

Dl = �cos��l� cos��l�
nl − nl

� �A9�

and

Pl = �exp�− ikyldl� 0

0 exp�ikyldl�
� . �A10�

A confined waveguide mode is one for which field ampli-
tudes go to zero as y→ �
. Therefore, the main goal is to
solve for kx=+ i� such that E1

+=EN
− =0. This modal condi-

tion is expressed as

� 0

El
− � = D0

−1� �
l=2

N−1

DlPlDl
−1�Dl+1�EN

+

0
� = �M11 M12

M21 M22
��EN

+

0
� ,

�A11�

or, equivalently, M11=0. The dispersion curves in Fig. 4 are
obtained by numerically searching the two-dimensional

� ,�� parameter space for the roots of M11=0 for each � of
interest. We accomplish this with a simplex minimization
procedure22 designed to find the minima of the function

f�,�� = �Re�M11��2 + �Im�M11��2, �A12�

and accepting as modal solutions only those minima that are
zero to within machine precision. The simplex procedure re-
quires a routine for repeatedly evaluating M11 for different
points in the parameter space. For an arbitrary number of
layers N, M11 is most easily obtained each time it is desired
by evaluating the full M matrix using the various matrix
multiplications in Eq. �A11�. For a given initial guess for 
and �, the minimization procedure corresponds to a trajec-
tory in the parameter space that converges upon one specific
solution. However, several different modal solutions may ex-
ist at a given �. To obtain all solutions, the simplex proce-
dure is carried out a number of times with different random
initial guesses for  and �. For a given solution, the modal
profiles in Fig. 6 of the text correspond to �Hz,m�2 using Hz,m
from Eq. �A5�.
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